MATH 251/GRACEY

THEOREM: THE CONSTANT RULE

The derivative of a constant function is zero. That is, if ¢ is a real number,

d
“lcl=0
then dx [C]

Example 1: Find the derivative of the function g(x)=-5.

@/(7()2 O

THEOREM: THE POWER RULE

If n is a rational number, then the function f(x)=x" is differentiable and

%[x] I

For f to be differentiable at x=0, n must be a number such that x"' is
defined on an interval containing zero.

Example 2: Find the following derivatives.
a. f(x)zx_5 b. f(x)le/2
) ~6

F' ()= -5

THEOREM: THE CONSTANT MULTIPLE RULE

If f is adifferentiable function and cis a real number, then ¢f is also
differentiable and

d ,
—of (¥)]=¢/"(x)
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Example 3: Find the slope of the graph of f(x)=2x"at
/ L
(X)) = L 3x
L
5_1 ()(): 676

a. x=2 b. x=-6 c. x=0

s e e [Flo):0 |

THEOREM: THE SUM AND DIFFERENCE RULES

The sum (or difference) of two differentiable functions f and g is itself
differentiable. Moreover, the derivative of f+g (or f—g) is the sum (or
difference) of the derivatives of f and g.

L (48 ()]=F () +8 ()

L F ()=g(x)]= 7' (x) =g (x)

Example 4: Find the equation of the line tangent to the graph of f (x)=x—+/x

-\ -
at x= 4. ‘ -~ I
2 - X / -
£ (%) 7 '}(»O-%}

5'(4)-'-\-1—%;-——(;
S (1) 17

THEOREM: DERIVATIVES OF THE TRIGONOMETRIC FUNCTIONS




MATH 251/GRACEY

Example 5: Find the derivative of the following functions:

_sinx b. r(8)=5x—3cosé
a. fx)=—, ('(E)- s 43sme
("(*)‘-' L(COéﬂb .
R (0):

& /' gnig)

cos @
| \ @ d. 7(8)= O(L =5\P
/YQ‘ ) cotd
‘W) = ) donx FxseCx
Jt) = ) fanx presec W»h’f“’o

Fo e

c. f(x)=xtanx

(s
™ 'G)=Cob 6 ino) p,sév

(6) = —COTO SN 6 + (o&? &’
o

THEOREM: THE PRODUCT RULE ¢ 6) * (258
The product of two differentiable functions f and g is itself

differentiable. Moreover, the derivative of fg is the derivative of the first

function times the second function, plus the first function times the
derivative of the second function.

LA (8 (3)]= £ (1)8 (x)+ £ (x) 8 ()

This rule extends to cover products of more than two factors. For example
the derivative of the product of functions fghk is

%[fghk]=f'(X)g(x)h(X)k(X)+f(X)g'(x)h(X)k(X)+f(x)g(x)h'(X)k(X)+f(x)8(X)h(X)k'(X)

Example 6: Find the derivative of the following functions. Simplify your result to a
single rational expression with positive exponents.
a. g(x)=xcosx

D) 2 1) (Cossey+ (x) [~5inx )

= Eﬁx - ><J£hx)
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b. h(1)=(3-+1) “ 3=
2" Malgy o 1
YAV dvl(,jy Y EJI
La -_d‘ﬁ/_ [ (2
b !
C. f(x)=(x3—x)(x2+2)(x2+x:_1_)______ —

5 ()= (3+"- (D)%) ¥ (xgﬂq(,)(?.x Mx #x-1) F [x%.x){x"ﬂ_)(zwh

—

THEOREM: THE QUOTIENT RULE
The quotient of two differentiable functions f and g is itself

differentiable at all values of x for which g(x)#0. Moreover, the derivative

of f/g is the derivative of the numerator times the denominator, minus the

numerator times the derivative of the denominator, all divided by the square
of the denominator.

d {f(X)} (@) -f (e ()
[¢()]

Example 7: Find the derivative of the following functions. Simplify your result to a
single rational expression with positive exponents.

0. el =x(1-2] = %! (1=2.6en )7

9/ ()> i (126 V) ¥ (0 Z(XHT?’(‘))
2 4)(3.—37(363(‘]'\)*\ + ZX“()("“)—?—

9 0 (x3) [?J(XH)L*%X”) r ’q

g ()7 ¥



@/(%): l)(z v
(xr\)" {L(x 1) e |

9'(4)? -f——)-*[?,x P FL o ‘*]

(x4)

3 (7,,<1:ﬂ

A S

9 (><+\)
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. §) = S r' |
b. h(s)=— ) | W (8= %-ZR‘ 1
\w}(ﬂ:g*ofﬁ’_sl(@ ZJ?(F-QL
(fé' -1)
, 13_1G -9 4\CS> J_E’ -1
() = 5= 2(s)

c. f(x)=tanx

£ %)= sec %

Example 8: Find the derivative of the trigonometric functions.
a. g(x)=—2cscx ‘D

9
g (1) (- M\@,ﬁ‘;"}ﬂ /@

]C =9 ﬂ ‘ c D&y\
b. h(t)=cot’t
T (5"t
(L) bote)
‘»\ (b\ Zécott') (*Céc b)__B LQ ZCSC’ tcotq
_’/cr(s)_secs L/

()= (gqc.s}ms)(s) @‘%SX\) \

Kitermede uoma
c(s)zs S¢S

(1s) = - §TTSRCS HS 'swcstans

\ -
, . SQCS(S‘ng |>
= =
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Example 9: Find the given higher-order derivative.

Theorem: The Chain Rule

Ify=1/, (u) is a differentiable function of vand Y = 8 (x) is a differentiable

function of x, then Y = f (g (x)) is a differentiable function of xand

dy dy du d , ,
Do 4Ty (g()]= £ (6 ()e ()

Example 10: Find the derivative using the Chain Rule.

a. y=(2—x)3
;—)%*- 3 (2-% )l(—ﬂ

<
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b. f(x)=sin2x
F'(x)(cos X ) 2

c h(t)zf;/;_l R CERD]

( - -1 -
SN A N S CUl DI 3
oty LET - - |

J}\/Cb): S S

Theorem: The General Power Rule

If Y= I:u (x)] > where v is a differentiable function of xand #nis a rational
humber, then

Example 11: Find the derivative of the following functions.

a. y=Secx R
W - gec. = X Teun Lt
j%' Sex%wr\%_j &%—L&c J‘wf\j
b. y=sec2x

Y - gec(ZAQ‘}WhC?»C) L
VA
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C. y=seczx = (SQCXP)-L
i,;\ = (cocrt )lgecxjranx
L

B@J%W%}

d. y=secx’

Y - ¢ (L))t (xF) - 2x

Vo
h y=+cosx = (0S5 X

I ______1___,...-. ('5"”’(‘)
3 N (-1 3%

[ _ sINX

- - 2077

Zl(é&(
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L f(x) =2 (2-0)"

1
i T s

K h(x)=xsin®4x

L f(x)=cotd/x —cotx
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Example 12: Find the equation of the tangent line at 7 =1 for the function

s()=(9-2)""

Theorem: Derivative of the Natural Logarithmic Function

Let v be a differentiable function of x.
1 /
1. i[lnx]z— 2. i[lnu]zu—, u>0
dx X dx u
3
Example 13: Find the derivative. an{) = R0x Sy - S
3
a V= (lnx) _ AN %K 2 e x-x)

Iny + Jow ¥0x

=3 (o 7
% ‘ 290y

b. f(x)= ln‘cos x|

f (i) - 5m><.

cas><

¢ h)=Inx" = %x W
59

IV (%) = Mot 4% (1)

)
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Theorem: Derivative of the Natural Exponential Function

Let vbe a differentiable function of x.

Example 14: Find the derivative.

a.y:xe_x‘jI - (\) @“"
_-—-;,: ”%([ﬁ)(-)

__--/

b, f(x)zesiHZx
P’m: 7(@
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Theorem: Derivatives for Bases other than e

Let abe a positive real number (a#1) and let vbe a differentiable function of x.

1. %[ax}=(lna)ax 2. %[a”}=(lna)a"u'
d 1 d u’
dx[ O x] (lna)x dx[ O u] (ln a)u

Example 15: Find the derivative.

a y — 23x

y - (7)) (#2)
tgi :(/Qﬂfnfl

b. f(x)=log5x




