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MATH 251/GRACEY

When you are done with your homework you should be able to...
n Develop properties of hyperbolic functions
n Differentiate and integrate hyberbolic functions
n Develop properties of inverse hyperbolic functions
n Differentiate and integrate functions involving inverse hyperbolic functions

Warm-up: Find the following definite and indefinite integrals.

a. I%dx = 5()2) M’J‘/L(%% :ux?.,ba‘n, y C:_

U=~ -1 .
;&ﬂ _ax-L ) ajub I
X \1o
- I = bﬁ’&j FC

dx

1/¥2 arccos x
b. [,

V1—x?
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1. Graph f(x)Zex ;e_x 2. Graph 8(36):%, ,X# O
FG) = SinhX 9 60= Csch x
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3. 6raph f(x)= S 4. Graph g(x)= ey
S (x) = cosh % 96)% Sech X
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X —X

5. 6raph f(x)zlei_x . 6. Graph 8(x)= c +Z_x .
F£(x)= fanh VIS2E cdﬁv X
| | X [§) | X [96:)
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DEFINITIONS OF THE HYPERBOLIC FUNCTIONS
sinhx=<—¢ cschx = 2 — = .1 , x#0
2 *—e  sinhx
coshx=e e sech x = 2 —— ! , x#0
e'+e* coshx
tanhxzex_e_x cothxzex-l_e_x = ! , x#0
/] e +e e —e tanh x
=3
Sirh X (ef_i/)f__

e 2

cosnt (v )y
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Example 1: Evaluate each function.
~
e ¥o
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a. coshO

-In .Qf\?)"
[elre

b. tanh(In3) =

e

L

- —

Example 2: Verify the identity.

coth? x—esch’lx =1

e*e,

(o) = o +lob &

Qa?d
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HYPERBOLIC IDENTITIES

cosh® x—sinh® x =1 sinh (x+ y) = sinh xcosh y +cosh xsinh y

tanh” x+sech® x =1 sinh (x— y) = sinh xcosh y —cosh xsinh y

coth® x—csch® x =1 cosh (x+ y) = cosh xcosh y+sinh xsinh y

sinh’x = —1+coshax cosh (x— y) =cosh xcosh y—sinh xsinh y

cosh’x = 1+cosh2x

sinh2x = 2sinh xcosh x

cosh 2x = cosh® x +sinh” x
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Example 3: Differentiate with respect to x.

3 f—e Jmh)" T
;‘/,Lya”“ - rﬁ“ M = coshe x
pvs
X —
%"'LL(@ - (’"(.f )
Y e/,’j;:r _
D% -

5): (e,x‘l-o )(t’/ +(_/ -

d* (e, +e )1

oL Ty
Example 4: Find the integral.
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THEOREM: DERIVATIVES AND INTEGRALS OF HYPERBOLIC

FUNCTIONS
o sinhu|=(coshu)u’ [ cosh udu =sinhu +C
d
N J
o coshu|=(sinhu)u’ [ sinh udu = coshu +C
d
N J
o tanhu | =(sech?u )u’ [ sech? udu = tanhu +C
d
N J
d , -
o [cothu] =—(csch’ u)u csch® udu = —cothu+C
N J
i sechu|=—(sechutanhu)u’ sech u tanh udu = —sechu+C
d
X
% [eschu]=—(cschucothu)u’ Icsch ucothudu =—cschu+C

Example 5: Differentiate with respect to x.

a. f(x)=tanh (3x2 - 2)

b. y=In(coshx)
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Example 6: Find the integral.

cosh \/— sinh x
—d
I b Il+sinh2 X x

INVERSE HYPERBOLIC FUNCTIONS

FUNCTION DOMAIN
1. Sinh_llen(x+ x2+1) (—o0,00)
2. Cosh'llen(x+\/x2—l) [1,00)
I, I+x
tanh™' x=—In—— ~1.1
3. tanh™ x s (-1,1)
4. coth” x=—1n " (—o0,—1) U(1,0)
’ 2 x-1 ’ ’
, 2
5. sech‘1x=lnu (0,1]
x
csch™ x=1In l+1;x2 0)U(0
6. N |x| (=20,0) L (0,0)

Example 7: Evaluate each function.

|
a. sinh™ 0 b, CSCh_1§
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DERIVATIVES AND INTEGRALS OF INVERSE HYPERBOLIC FUNCTIONS

i[sinhu]z(coshu)u' i[coshu]:(sinhu)u'
dx dx
i[tanhu]=(sech2u)u' i[cothz,t]:—(cschzu)u'
dx dx

i[sech u]|=—(sechutanhu)u' i[csch u]=—(cschucothu)u'
dx dx

d u' d u'

E[Sinh‘1 u] = —— E[cosh‘1 u] = —

] '

_ u _ —u
E[tanh 1u]=1_u2 E[seoh 1u]= ——
d _ u' d 4o —u'
E[coth lu]=1_u2 dx[csch u]——|u| T_MQ
J 20 —ln(u+\/u2ia2)+C
u’+a’
_[ 2duzz 1 lna+u+C
a —u 2a |la—u
2 2
J. du __llna+\/a T u L C
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Example 8: Find the derivative of the function. Simplify your result to a single
rational expression with positive exponents.

a. f(x)=coth™ ¥

b. g(x) =xtanh™ x+Inv1—-x*

c. y=sech™ (cos2x), 0< x<%
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Example 9: Find the limit.

a. lim sinh x

X—>—o00

b. lim coth x

x—0"

Example 10: Find the integral.
3

a I s c. I—dx
Y o1— 4 NENCE

b j & d J- 1 Fdx
T (x+2)Vx+4x+8 " 1-4x-2x
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