


 

MATH 251/GRACEY 5.8 

When you are done with your homework you should be able to… 

π Develop properties of hyperbolic functions 

π Differentiate and integrate hyberbolic functions 

π Develop properties of inverse hyperbolic functions 

π Differentiate and integrate functions involving inverse hyperbolic functions 

 

Warm-up: Find the following definite and indefinite integrals. 
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1. Graph ( )
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5. Graph ( )
x x

x x

e e
f x

e e

−

−

−
=

+
. 

 

6. Graph ( )
x x

x x

e e
g x

e e

−

−

+
=

−
.  

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

DEFINITIONS OF THE HYPERBOLIC FUNCTIONS 

2 1
sinh            csch ,  0

2 sinh

2 1
cosh           sech ,  0

2 cosh

1
tanh            coth ,  0

tanh

x x

x x

x x
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x x x x

x x x x
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Example 1: Evaluate each function. 

a. cosh 0  

 

 

 

 

 

 

b. ( )tanh ln 3  

 

 

 

 

 

Example 2: Verify the identity. 

2 2
coth csch 1x x− =  

 

 

 

 

 

 

HYPERBOLIC IDENTITIES 

              

( )

( )

( )

2 2

2 2

2 2

2

cosh sinh 1            sinh sinh cosh cosh sinh

tanh sech 1            sinh sinh cosh cosh sinh

coth csch 1            cosh cosh cosh sinh sinh

1 cosh 2
sinh          cosh

2

x x x y x y x y

x x x y x y x y

x x x y x y x y

x
x x

− = + = +

+ = − = −

− = + = +

− +
= −( )

2

2 2

cosh cosh sinh sinh

1 cosh 2
cosh    

2

sinh2 2sinh cosh

cosh 2 cosh sinh  

y x y x y

x
x

x x x

x x x

= −

+
=

=
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Example 3: Differentiate with respect to x. 

a. 
2

x x
e e

y
−−

=  

 

 

 

 

 

 

b. 
x x

x x

e e
y

e e

−

−

−
=
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Example 4: Find the integral. 

a. 
2

x x
e e

dx
−+

∫  

 

b. 

x x

x x

e e
dx

e e

−

−

+
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THEOREM: DERIVATIVES AND INTEGRALS OF HYPERBOLIC 

FUNCTIONS 

              

[ ] ( )

[ ] ( )

[ ] ( )

[ ] ( )

2 2

2

sinh cosh                       cosh sinh

cosh sinh                       sinh cosh  

tanh sech                     sech tanh

coth csch                  cs

d
u u u udu u C

dx

d
u u u udu u C

dx

d
u u u udu u C

dx

d
u u u

dx

′= = +

′= = +

′= = +

′= −

∫

∫

∫

[ ] ( )

[ ] ( )

2
ch coth

sech sech tanh          sech tanh sech

csch csch coth          csch coth csch    

udu u C

d
u u u u u udu u C

dx

d
u u u u u udu u C

dx

= − +

′= − = − +

′= − = − +

∫

∫

∫

   

 

Example 5: Differentiate with respect to x. 

a. ( ) ( )2
tanh 3 2f x x= −  

 

 

 

 

 

 

b. ( )ln coshy x=  
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Example 6: Find the integral. 

a. 
cosh x

dx
x

∫  

 

b. 2

sinh

1 sinh

x
dx

x+∫

 

 

 

 

 

 

 

INVERSE HYPERBOLIC FUNCTIONS 

FUNCTION       DOMAIN 

1. ( )1 2
sinh ln 1x x x

− = + +

    
( ),−∞ ∞  

2. ( )1 2
cosh ln 1x x x

− = + −

    
[ )1,∞  

3. 
1 1 1

tanh ln
2 1

x
x

x

− +
=

−      
( )1,1−  

4. 
1 1 1

coth ln
2 1

x
x

x

− +
=

−      
( ) ( ), 1 1,−∞ − ∪ ∞  

5. 
2

1 1 1
sech ln

x
x

x

− + −
=

    
( ]0,1  

6. 
2

1 1 1
csch ln

x
x

x x

−
 +

= + 
 
      

( ) ( ),0 0,−∞ ∪ ∞  

 

Example 7: Evaluate each function. 

a. 1
sinh 0

−  
b. 

1 2
csch

3

−
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DERIVATIVES AND INTEGRALS OF INVERSE HYPERBOLIC FUNCTIONS 

 

[ ] ( )sinh cosh '
d

u u u
dx

=
   [ ] ( )cosh sinh '

d
u u u

dx
=

 

[ ] ( )2
tanh sech '

d
u u u

dx
=

   [ ] ( )2
coth csch '

d
u u u

dx
= −

 

[ ] ( )sech sech tanh '
d

u u u u
dx

= −
 [ ] ( )csch csch coth '

d
u u u u

dx
= −

 

1

2

'
sinh

1

d u
u

dx u

−  = 
+

   

1

2

'
cosh

1

d u
u

dx u

−  = 
−

 

1

2

'
tanh

1

d u
u

dx u

−  =  −
   

1

2

'
sech

1

d u
u

dx u u

− −
  = 

−
 

1

2

'
coth

1

d u
u

dx u

−  =  −
   

1

2

'
csch

1

d u
u

dx u u

− −
  = 

+
 

( )2 2

2 2
ln

du
u u a C

u a
= + ± +

±
∫  

2 2

1
ln

2

du a u
C

a u a a u

+
= +

− −∫  

2 2

2 2

1
ln

du a a u
C

a uu a u

+ ±
= − +

±
∫  
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Example 8: Find the derivative of the function. Simplify your result to a single 

rational expression with positive exponents. 

a. ( ) 1 2
cothf x x

−
=  

 

 

 

 

 

 

 

b. ( ) 1 2
tanh ln 1g x x x x−= + −  

 

 

 

 

 

 

 

 

 

c. ( )1
sech cos 2 ,   0

4
y x x

π−= < <  
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Example 9: Find the limit. 

a. lim sinh
x

x
→−∞

  

 

 

b. 
0

lim coth
x

x
−→

 

 

 

 

Example 10: Find the integral. 

a. 2

1

2 1 4
dx

x x−
∫  

 

 

 

 

 

 

 

b. 
( ) 2

2 4 8

dx

x x x+ + +
∫  

 

c. 
3

9
dx

x x+
∫  

 

 

 

 

 

 

 

d. 2

1

1 4 2
dx

x x− −∫  
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