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MATH 252/GRACEY

When you are done with your homework you should be able to...
n Find the arc length of a space curve
n Use the arc length parameter to describe a plane curve or space curve
n Find the curvature of a curve at a point on the curve
n Use a vector-valued function to find frictional force

- . \1 b 1
Warm-up: Find the arc lengTh of ’rhe curve J 5 e ) ¥ (Ibg) ot
g

Qn I 1,)
x=arcsint andy—ln\/l t* 01%JJ the interval [O }
enr p-:cf

l

-t

Riy=sin-(T)  Niy=.SkIn(d.

T=.52359828
#=.55106958 1¥=-.1602089

THEOREM: ARC LENGTH OF A SPACE CURVE

If Cis a smooth curve given by l’(t) =X(f)i+)’(f)j+z(t)k on an interval [a,b],
then the arc length of Cis

s= [\ OT + 0T +[z (T ar=[

r'(1)|
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Example 1: Find the arc length of the curve given by T'(f)=2sinti+5tj+2costk

over [0,7]. % () = 15wt S(C) 25t 2(e)? 1St

% (62 Lot Y-S 2'(e)--tsmt
\
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J = 1S dt
\ \W (0§ )CVQ\{) J(’) ¥ Tor matien o&e’hc) ooy Yheo
Conveniexy Pamxmﬂhzr i5 A © . FOC
DEFINITION: ARC LENGTH FUNCTION S‘quq QeomeAT f@(ﬁhﬁo of & wne

)

Let Cbe a smooth curve given by T ( )defmed on ‘rhe closed interval [a,b], then )
the arc length of Cis MM
J. \/[x +[y +[z ]zdu = u)Hdu PMWYMﬁQf IS fhe
The arc leng‘rh sis called the arc length parameter. The arc length functionis ' |

nonnegative as it measures the distance along € from the initial point. Using the
definition of the arc lengTh function and the second fundamental theorem of

.ﬂ

§=

caleulus, you can conclude —Hr H

$t<
Example 2: Find the arc length function for the line segment given bgy 64 45’\5_ 2 1S
r(t)=(3-3t)i+414, 0<r<1 and write ras a func‘rlon of the parameter s. >

? o JD\W SE)= sul’ TS): (33N + I8
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MATH 252/GRACEY 12.5

THEOREM: ARC LENGTH PARAMETER

DEFINITION OF CURVATURE
Let Cbe a smooth curve (in the plane or in space) given by T'(s).where sis the arc
length parameter. The curvature Kat sis given by

s)

Example 3: Find the curvature Kof the curve, wher'e sis ’rhe arc length

parameter. . (S) i ( (S) < >

Iz T

(=110

<0 )

THEOREM: FORMULAS FOR CURVATURE
If Cis a smooth curve given by T (7), then the curvature Kof Cat tis given by

()]
< ()]
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A |
Example 4: Find the curvature Kof the curve ( ): 2%+ 1j+—1’k.

R T b
C s Fe—4 01 l\?’(t)\\=5|7{"+\

3 m )¢ (
T o DT W e T

= Yl = ¢ (»c)x ¢ (c)
THEOREM: CURVATURE IN RECTANGULAR COORDINATES
If Cis the graph of a twice differentiable function given by ¥ = f(X),then the

Vi

V)

curvature Kat the point (x,7) is given by
__
7\2 %
1+(y) |
Related Stuff: Let Cbe a curve with curvature Kat point 2. The circle passing

1

through point Pwith radius ” “x is called the circle of curvature if the circle

lies on the concave side of the curve and shares a common tangent line with the
curve at point A. The radius is called the radius of curvature at Pand the center
of the circle is called the center of curvature.

Example 4: Find the curvature and|radius of curvature of the plane curve

4
y=2x+— atx=1. l ”] \(:‘L
X K:/_ﬁ__/——r“ L’;
/o Z- i ’)1)6/2/ ~ gh,
\j . (\-]—(\d f'/éﬂ
. 18]\
" K’ =

[1+u]nr

y=9
% -8
dx=1,y -2y -8 \’6””"
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THEOREM: ACCELERATION, SPEED, AND CURVATURE
If r(t)is the position vector for a smooth curve C'then the acceleration vector is

given by
d ds\’
a(/)=——T+K| = | N
dt dt
d.
where K'is the curvature of Cand j; is the speed.

Frictional Force
A moving object with mass mis in contact with a stationary object. The total
force required to produce an acceleration a along a given path is

F =ma

2 2
=m d—j T+mK(§) N
dt dt

=ma; T +ma N

Example 5: A 6400-pound vehicle is driven at a speed of 35 mph on a circular
interchange of radius 250 feet. To keep the vehicle from skidding of f course,
what frictional force must the road surface exert on the tires?

- O 9s . S I N
M = U9 (bs T ggm‘)k) K== = 0%k
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